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The configuration space of the reduced Hamiltonian formulation of quantum gravity has been 
shown, for non-Ricci fiat metrics, to be a higher-dimensional analogue of the Teichmiiller space of 
conformal structures on a Riemann surface. In this article we show that the configuration space of 
conformal connection-dynamics is naturally a higher-dimensional Teichmiiller space, subject to the 
same condition. An immediate consequence of this result is that the Barbero-Immirzi parameter 
of loop quantum gravity naturally assumes a dilatonic character in all conformal canonical gravity 
theories. 
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I. INTRODUCTION 

Over 50 years, the structure of the configuration space 
of canonical gravity has successively evolved in sophis- 
ticatication. The mathematical structures in terms of 
which it is defined have undergone a similar evolution 
- from the original space of Riemannian 3-metrics in 
the ADM formulation of general relativity as a con- 
strained Hamiltonian system to a higher-dimensional 
analogue of Teichmiiller space in Fischer & Moncrief's 
reduced Hamiltonian formulation of quantum gravity 2J . 

Motivated by consonances with gauge theory, Ashtekar 
in the late 1980's reformulated canonical gravity in 
terms a new set of variables a soldering form cr°^^ 
and a spin connection, A^^^ . The new theory was called 
connection-dynamics, wherein the metric was no longer 
a fundamental variable, but rather a composite object. 
When Ashtekar formulated his connection-dynamics, 
the contempraneous understanding of the configuration 
space of canonical gravity, so called superspace, was 
the space of all positive-definite Riemannian 3-metrics 
modulo diffeomorphisms: {[g]}, as developed by Fischer 
[4] and Ebin [5 . The configuration space of canon- 
ical gravity in spinorial variables was defined in an 
analogous manner [5], as the space of all (suitably- 
regular) soldering forms modulo diffeomorphisms: {[cr]}. 
By writing the metric as a product of two soldering 
forms, it was clear by extension that the two config- 
uration spaces were 2-1 homomorphic (as moduli spaces.) 

In light of the pioneering work of Deser [7] and 
later York _8_ on the covariant decomposition of sym- 
metric tensors; Fischer & Moncrief - in an attempt 
to reduce Einstein's equations to an unconstrained 
Hamiltonian system - refined the structure of superspace 
[S]. For non-Ricci fiat metrics, they identified it with a 



higher-dimensional analogue of Teichmuller space, which 
in complex analysis is the moduli space of conformal 
structures on a Riemann surface. In this article, we show 
that when one formulates canonical gravity as conformal 
connection-dynamics in the sense of [10] or [TT], subject 
to the same non-Ricci flatness condition, one naturally 
finds the configuration space to be a Teichmiiller space. 
This has important physical ramifications as we will 
discuss shortly. 

The structure of the paper is as follows. We begin 
in section [H] by introducing some concepts from modern 
conformal geometry, and show that the existence of a 
conformal structure on a spatial hypersurface naturally 
partitions tensor fields into conformal classes. We then 
discuss Fischer & Moncrief's construction of Teichmuller 
space in section |III[ and show in section |IV| that there 
exist conformal spin structures on spatial hypersurfaces, 
which are necessary to partition the spinorial basic 
variables into conformal classes - just as a conformal 
metric structure is necessary to partition world tensors 
into conformal classes. It is then shown that the 
configuration space of conformal connection-dynamics is 
a Teichmiiller space in the sense of Fischer & Moncrief 
[9]. Schematically, we show that the diagram 
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commutes, where {[(g)]} and {[(c)]} are the Teichmuller 
spaces. In section |V] we show that this result has imme- 
diate ramifications for the Barbero-Immirzi parameter of 
loop quantum gravity [T^. Various comments abound 
in canonical gravity literature concerning the role of the 
Barbero-Immirzi as a scalar field (see [13]-[15] for exam- 
ple), and was first suggested by one of us in (TU]. Whilst 
the dilatonic character of the Barbero-Immirzi parame- 
ter had been found by imposing an additional constraint 
to generate conformal diffeomorphisms |llj . we use our 
formalism to show that such a character is generic to 
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all conformal canonical gravity theories by virtue of the 
underlying conformal geometry. 



II. CONFORMAL GEOMETRY 

In this section we introduce some salient concepts from 
conformal geometry which will be required throughout. 
In particular, we work towards showing that conformal 
transformations partition tensors into conformal classes. 
To do so, we introduce some mathematical objects 
which are essentially absent in conformal physics (see 
[TB] for one of the few examples), but are ubiquitious in 
mathematics (see [17]-[I9])- These are called conformal 
weight bundles, and since they may be defined for 
conformal spin structures as well as conformal metric 
structures, we use them to show that the configuration 
space of conformal connection-dynamics is a Teichmiiller 
space. For reviews of the modern approach to conformal 
geometry, we refer the reader to [T5], & pT] . 

Let M denote an n-dimensional manifold and g a 
Riemannian metric on M. We say that a conformal 
structure [22] on M is a class C of pairwise-homothetic 
metrics 



C^{Xg\ AeM+}. 



(2) 



The presence of a conformal structure induces a bundle 
of conformal frames over the manifold [20]. To formalise 
this notion, and set notation, let tt : Pq{M) M de- 
note a principal fibre bundle with structure group G on 
a manifold M and let us denote by T{Pa{M)) its space 
of sections. When G is the linear conformal group 

CO{n) := SO{n) x M+ (3) 

on M, we say that the principal CO (n)-bundle 

TT : Pcoin){M) ^ M (4) 

is the conformal frame bundle, where a conformal frame 
9c{p) at p S Af is a pseudo-orthonormal basis in TpA'I, 
with respect to some fixed metric g. Indeed, the stan- 
dard fibre of the conformal frame bundle is the set of all 
conformal frames at some p G M. Importantly, the 1- 
dimensional center of the conformal group allows one to 
define a class of weighted density line bundles, £[w]. In 
the notation of associated fibre bundles (see |23j for an 
introduction), these are defined by 



£[w] 
p{c){x) = —w 



PcO{n){M) Xp] 

det(6'c 



2n 



-X, 



(5) 



for a defining representation p, a conformal frame 6c and 
a; € K. These are the so-called conformal weight bundles, 
which conformally weight sections of bundles associated 
to the frame bundle and tensor powers thereof. Their 



particulars are best introduced by way of example. Let 
us regard the cotangent bundle on some n-manifold M 
as an associated bundle: 

T*M Pso(n) Xp (M")* . (6) 

a metric g is con- 



Under a conformal transformation 
formally weighted according to 

4 

ch : g„h ^ ( 



(7) 



where the power 4/(n — 2) is conventional in canonical 
gravity [24]. Examining this at the level of spaces of 
sections of bundles makes the role of the conformal weight 
bundles in the weighting more transparent 



: T{Qp-T*M) ^T[£ 
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n - 2 





(8) 



For clarity, let us adopt Penrose's abstract index nota- 
tion, where the bundles to which a certain tensor is a 
section are themselves adorned with indices. For exam- 
ple, a2-form tab G T{£[w\®K'^T* M)) of conformal weight 
w would simply be written t^^^b] € ^[ab][w^]- This notation 
at hand, it may be seen that a conformal transformation 
induces the partitioning of general tensors into confor- 
mal classes. Consider the conformal transformation <j) of 
some tensor i^- -^ of conformal weight w. (j> acts as 



(9) 



We see from ^ clear that </> maps t to the set {fl'^t \ n^" e 
r(£[w])}, which we term its conformal class, (t). Indeed, 
a conformal transformation may be viewed as an auto- 
morphism of the conformal class, just as multiplying two 
functions together may be viewed as an automorphism 
of a group of functions. 



III. SUPERSPACE 

This notation in place, we now examine Fischer & 
Moncrief's identification of the configuration space of 
the reduced Hamiltonian formulation of quantum gravity 
with a higher-dimensional Teichmiiller space. Our pre- 
sentation is a condensed review of that given in [5] . Let us 
denote by J-^ the infinite-dimensional Abelian group of 
positive functions on some n-manifold M, acting on the 
space of Riemannian 3-metrics, Ai, by pointwise multi- 
plication: 



7^+ xM^M. 



(10) 



The orbit of J-'^ through g is identified with (g) , and we 
term the resulting orbit space. 



M/T+^{{g) \geM}, 



(11) 
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the space of conformal classes on M. Fischer & Moncrief 
define an J^^-principal fibre bundle over this space by 
projection: 



9^ (g)- 



(12) 



We take the diffeomorphism group V of M to act on 
A4 jJ-^ according to the commutative diagram: 



(13) 



where the vertical arrows are the projections of the J-^- 
principal fibre bundle Ai Ai/JF~^, and the pullback of 
a diffeomorphism d along tt^ is given by 



r ■.{{g),d)^{d*g) 



(14) 



for some conformal class (g). Now, for a particular {g) e 



[{g)]^{d*{g)\deV} 



(15) 



is the orbit of the diffeomorphism group through (g) , so 
that [{g)] is itself a class of diffeomorphically-equivalent 
conformal classes. In canonical gravity, the resulting or- 
bit space 



V 



= {[{g)] I {g)eMIT+} 



(16) 



is traditionally called conformal superspace [25 , which 
Fischer & Moncrief identified with a higher-dimensional 
analogue of Teichmiiller space for certain metrics. To 
preface the identification, let Vq denote the connected 
component of the identity of V. The quotient space 



T: 



2?n 



(17) 



is precisely the (higher-dimensional) Teichmiiller space 
of conformal structures on M. It was found that such an 
association is only valid for those spatial hypersurfaces 
AI G Ai which are of Yamabe type —1, which is to say, 
those that admit no Ricci-flat metrics. In general, Fis- 
cher & Moncrief remark, neither does 2?o act freely on 
M./F^ nor is Teichmiiller Space a manifold [21. There 
is evidence however, that these issues may - at least in a 
minisuperspace approach - be resolvable [26] . 



IV. CONFORMAL SPIN STRUCTURE 

As will be defined shortly, the basic dynamical vari- 
ables of Ashtekar's reformulation of canonical gravity 
are SU{2) soldering forms. These are innately spinorial 



in nature, and so their partitioning into conformal 
classes is conditional on the existence of a conformal 
spin structure on a spatial hypersurface. One cannot 
apriori partition soldering forms into conformal classes 
using the conformal metric structure, since 3-metrics 
are no longer fundamental entities in the theory, but 
rather are composed of two soldering forms. It is 
for this reason that we must show that there exist 
spatial hypersurfaces M G A4 which are endowed with 
conformal spin structures. 

To introduce these, let Pso(n) {M) — )■ M be the orthonor- 
mal frame bundle over an n-manifold, M. Pso(n) (M) 
is, by definition, an S'0(ri)-principal fibre bundle and 
we have from |27j that a spin structure on M is a pair 
iPspin(n)iM),^), where Pspin(„)(M) ^ M is a Spin(n)- 
principal fibre bundle and i) : Pspin{n){M) — >■ Pso{n){M) 
is a Z2 quotient such that the diagram 



^Spin(n)(^^) X Spin(n) 



Spin(n) 



iJxe 




Pso(n){M) X SO{n) 
commutes, and where 



-^PsO(n){M) 



e : Spin(n) -> SO{n) 



(18) 



(19) 



is the (non-trivial) double cover of SO{n). We propose 
the following: 

Proposition (Existence of Spin Structure). 

There exist orientable 3-manifolds M £ M representing 
spatial hypersurfaces in a Lorentzian spacetime for 
which the diagram 



Psu{2){M) X SU{1) >Psu(2){M) 



(20) 



ijxe 




^50(3)(M) X 50(3) >Psom{M) 

commutes and thereby constitutes a spin structure. 

Proof (Existence of Spin Structure). Consid- 
ering the orthonormal frame bundle -Pso(3)(-^^)i have 
that since M is orientable, Pso{'i){^'i) is parallelizable. 
The parallelizability of the orthonormal frame bundle 
allows the global construction of the Spin(3)-principal 
bundle ^'spin(3)(^)j and the principal fibre bundle 
morphism : Pspin(3) [M) — )■ Pso(3) i^^) is a Z2 quotient 
for those AI whose second Stiefel- Whitney class vanishes. 
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Now, the theory of simple Lie Algebras tells us 
that 



Spin(3) ^ SU{2), 



deriving from the isomorphism Ai Bi of the root 
systems of the simple Lie algebras Ai and Bi . Inserting 
this into ( [T9| ) we recover the well known fact that 
SU{2) is the non-trivial double cover of 50(3), and 
so 9 : Spin(3) — > SO{3). In light of this, we write 

^Spin(3) 



M as Psu(2){M) — ?> M . Substituting these 



facts into the commutative diagram (18), we recover the 
proposition (20). 



Having shown that -d and are well defined, as is 
their product 

^?xe : Psu(2){M)^SU{2) Psoi3){M)x SO{3) (22) 
by projection onto respective factors. 

Lastly, the horizontal arrows Psu{2){M) x SU{2) — > 
Psui2)iM) and Pso{3){M) x SO{3) ^ Pso{3){M) in 



( 18 ) are right G-actions, and so ( 18 ) commutes as 
proposed. □ 

Parenthetically, it was worth remarking that those 
M G Ai which do not admit spin structures are precisely 
those with non- vanishing second Stiefel- Whitney classes, 
H^{M, Z2) > 0. In this case, Pso{3){M) is not a Z2 
quotient of -Pspin(3) (-M), and so ■& is not realised. 

Now, a foundational result in conformal spin ge- 
ometry states that a conformal spin structure exists if 
and only if a spin structure exists [27J. From a fibre 
bundle point of view this is natural, since a conformal 
structure on a generic fibre bundle E ^ M may be 
taken to be a sub-bundle 



C ^ M 

n 

E 



(23) 



of the bundle E ^ M whose fibres 7r~^(p) = Cp are 
conformal structures on the fibres Ep oi E ^ M. In 
essence, one may pass to C by restriction. 

Let us now give the definition of a conformal spin 
structure. Recall from ^ that CO{n) SO{n) x M+ 
is the linear conformal group, the structure group of the 
conformal frame bundle tt : Pco{n)iM) — ?> M. It is a 
well known fact in spin geometry [57] that the double 
cover (21) extends to a double cover 



CSpin(n)^^^CO(n). 



Spin(n) X 



(24) 



So, analogous to the definition of a spin structure, we say 
that a conformal spin structure is given by a CSpin(n)- 
principal fibre bundle, ^c'Spin(Ti)(-^) — ^ M together with 
a map : PcSpin{n){M) -> Pco(n){M) such that the 



(21) 

commutative diagram 



P 



CSpin. 



(„)(A//) X CSpin(n) > PcSpin(«)(M) 



Pco(n)(M)xCSO{n) 



coin) 




commutes. Notice from (24) that the conformal spin 



group CSpin(7i) has a nontrivial 1-dimensional center 
which gives rise to a class of conformal lines bundles 
by using a spin representation in equation ([s]). To 
distinguish them from the conformal line bundles arising 
from the conformal metric structure, we write them 
as E[w]s. Recall from section |ll] that the endowment 
of conformal weights under conformal transformation 
extended to sections of (tensor powers of) bundles 
associated to the frame bundle, as is the case here. 

Let us now construct an associated bundle to the 
principal S'C/(2)-bundle of spin frames, Psu(2){M), and 
examine the effects of a conformal transformation on its 
sections. The spinor bundle on AI is defined as: 



S -.^ Psu{2){M) x,End(E) 



(26) 



where End(S) is the space of endomorphisms of a two 
complex-dimensional vector space S. The abstract 
notation hides the fact that we are dealing with SU(2) 
spinors, but one may see from |28j that in three di- 
mensions: the two fundamental representations End(E) 
and End(S]') of the Clifford algebra bundle C1(M) on 
M are isomorphic to the fundamental representation of 
Spin(3) C C1(M), and so both are in fact isomorphic to 
SU(2). 

Now, let us examine the effect of a conformal transfor- 
mation on a composite spinor. By the usual convention, 
we write spinorial indices with upper-case Latin letters, 
and so € £a...b, for example. Under a conformal 

transformation 

0:r(fA...s) >T{£a...b[w]s), (27) 



T{£[w]s(^£a...b) 

and so the spinors ipA...B are partitioned into conformal 
classes according to -0 {^'^4> I G r(f [wjs)}, in the 
same manner as world-indexed tensors. This in mind, let 
us consider the basic variables of connection-dynamics, 
the SU{2) soldering forms. 
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An SU(2) soldering form, a, is a l-form on the 
bundle of spin frames with values in S" (g) 5* . Soldering 
forms are examples of generalized tensors 29 , meaning 
that they possess both world- and spinorial indices: 
cr°^^. As basic variables, they occur in canonical gravity 
densitized by the square root of the determinant of the 
3-metric 



~a B 
^ A 



a B 



(28) 



Given their world and spinorial indices, these are natu- 
rally partitioned by (|9| and (27) according to 

{a) {Vf^a \ fl"- G (29) 

where w is a net conformal weight and we regard the 
conformal factors 17™ as positive functions for greater 
utility. To see that the configuration space of canon- 
ical gravity in the spinorial variables is a Teichmiiller 
space, consider the space of densitized soldering forms 
S := {a}, with the indices suppressed for brevity. Fis- 
cher & Moncrief 's procedure of constructing the higher- 
dimensional Teichmiiller space follows exactly precisely 



as in (10) — (17), and so one may write the configuration 



space of conformal connection-dynamics as 



Ts 



(30) 



for those soldering forms whose products are non-Ricci 
flat metrics. Writing the product explicitly: 



B~b A 
1 B ' 



(31) 



it is clear that V'now : — > T is a double cover of moduli 
spaces. In light of this result, work in preparation sug- 
gests that the cotangent bundle of Teichmiiller space may 
- in a certain minisuperspace approach - be free of both 
non-manifold points & conical singularities and have the 
structure of a local twistor bundle |26| . illuminating a 
new aspect of conformal geometry in canonical gravity. 



V. BARBERO-IMMIRZI PARAMETER 

We shall now examine the ramifications that the 
partitioning of soldering forms into conformal classes 
( 29 ) has for the Barbero-Immirzi ambiguity of loop 
quantum gravity. This ambiguity arises from the fact 



that the spectra of the quantum geometrical observables 
- such as area or volume - are not uniquely determined 
by a fixed pair of classical variables [T3j. The resulting 
one-parameter families of unitarily-inequivalent quan- 
tum theories are parameterised by the Barbero-Immirzi 
parameter, /3. 

Sections E^^ of the orthonormal frame bundle 
P5Q(3)(Af) — >■ M are termed triads in this context. 
From (30j , one may densitize the triad according to 



e''''-e,,kE\E\, 



(32) 



where the e's are alternating tensors. The Barbero- 
Immirzi parameter is defined [12) as the pre-factor /3 on 
the extrinsic curvature term in the Barhero connection 



A 



(33) 



where F'^ is the Levi-Civita connection and K^^ — 
(det E^^)~^KabE^j5^^ the extrinsic curvature. We wish 
to find an expression for the extrinsic curvature in terms 
of soldering forms, and so we note from [B] that the latter 
are expressible in terms of the triads as 



(34) 



where r'^^ are the Pauli matrices. Thus, the triads are 



expressible as 



rja /o"_Q B^ 

E , = V2zcr A 



A 

iB I 



(35) 



and so we are able to compute the extrinsic curvature 
term in the Barbero Connection in terms of soldering 
forms: 



1 

det E\ 
1 

det E\ 
1 



■ K„ 



^ bed rpk rpl 



bed H D k A I C cii /or-\ 

zKabe €jkl(TcA (^dc tb td . (36) 



det E', 



Recall now that cr^,^^ is only unique up to a conformal 
factor, since cr^^^ and c^q^ are fixed representatives of 
their conformal class in conformal connection-dynamics. 
To highlight the generality of the ambiguity, upon con- 
formal transformation ( 36 ) becomes 



det E' 



Aaf,e ejkid^^ a^c t ^ t jj d ■< . 



(37) 

where w is the combined conformal weight of the prod- 
uct of the (undensitized) soldering forms a. Now, since 
the group of positive functions J-""*" is closed under scal- 
ing by an arbitrary positive number, there exists some 
conformal factor lu e such that 



(38) 



where /3 is a positive real number. This restricts the cases 
where conformal symmetry may 'absorb' the Immirzi pa- 
rameter into the conformal factor, the former being, by 
definition, a complex parameter. Continuing with the 
calculation. 



A 



{/9)i 



det E\ 



bed ts D k A I C s-ij 

zKab^ ^jkK^cA ^dC T B T D 



bed B D k A I C s-ij 

zKab^ ^jklO-cA 0"dC T B T D 



/det E\ 



(39) 
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We see immediately that provided the Barbero-Immirzi is 
real and positive it is transformed into a dilaton. Whilst 
this behaviour had been obtained by one of us by impos- 
ing additional constraints to generate conformal difFeo- 
morphisms it is clear that it arises naturally from 
the existence of the conformal spin- and conformal metric 
structures which induce the partitioning of the soldering 
forms into conformal classes. Therefore, this behaviour 
is in fact a general feature of conformal canonical gravity 
theories such as conformal connection-dynamics [10] , pT| 
and shape dynamics [3T], [5^ . 
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